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The historical calculation of spectroscopic properties for trivalent lanthanide ions is a complex multistep
process that has been prone to inaccuracies. In this work, we revise the parametric semi-empirical Hamiltonian
and address long-standing discrepancies in the literature. We also resurface the distinctions between orthogonal
and non-orthogonal operators, and use orthogonalized operators to provide an alternative parametric description.
Based on experimental data available in the literature, an updated set of parameter values for the canonical case
of lanthanide ions in LaF3 is presented. Additionally, we provide calculations of spontaneous emission rates and
oscillator strengths for magnetic dipole transitions in the LaF3 crystal host. To ensure the replicability of our
findings, we make available the open-source code qlanth, accompanied by a comprehensive set of electronic
files to serve as an updated reference for future calculations.
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I. INTRODUCTION

Trivalent lanthanide ions (Ln3+) are interesting because of
their narrow optical transitions, which arise from the shielding
of their 4 f electrons by the outer 5s2 and 5p6 closed shells
[1–3]. Having unpaired 4 f electrons, the Ln3+ ions constitute
spin defects useful for lasers and amplifiers [4,5], magnetic
resonance imaging [6], and quantum technology [7–10]. Fur-
thermore, the distinctive intra-4 f transitions are appealing
for exploring fundamental topics in atomic [11] and optical
[12–14] physics.

The trivalent lanthanides are often theoretically described
by a Hamiltonian with adjustable parameters that are fit-
ted empirically to experimental data. Using this description,
one obtains an approximate electronic structure, including
eigenstates, from which one may calculate optical transition
rates and oscillator strengths for magnetic dipole transitions
[15], forced electric dipole transitions through Judd-Ofelt the-
ory [16,17], as well as g-tensors for ground-state excitations
[18,19]. Shielding of the 4 f shell simplifies the study of a
lanthanide ion across different hosts, and within the same host,
systematic studies across the lanthanide row reveal that many
model parameters follow relatively simple trends [20–22].
The canonical example of such systematic studies is the work
by Carnall et al. [21], which has been widely cited and con-
tinues to be used to various degrees of depth. In the simplest
usage, the energy spectra for the original lanthanum trifluoride
(LaF3) crystal host are simply referenced to identify observed
transitions [23]. In a more elaborate usage, the parameters for
LaF3 may be used as starting values for fitting the data for dif-
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ferent crystal hosts [24,25]. Furthermore, the eigenvectors can
be used to calculate the magnetic susceptibility as a function
of temperature [26,27]. The canonical work of Carnall et al.
is often taken as a theoretical starting point for the inclusion
of additional terms to the semi-empirical Hamiltonian such
as correlation crystal field [28,29], hyperfine interaction [30],
spin-correlated crystal field [31], and exchange interactions
[32].

However, this canonical approach has some shortcomings.
Calculations with the semi-empirical Hamiltonian are com-
plex, and this complexity makes it prone to inaccuracies
[33,34]. The calculations generally rely on the application
of the methods developed by Racah [35–38] combined with
precalculated spectroscopic tables that have been found to
contain multiple errors [33,39,40]. Furthermore, the calcu-
lations are somewhat ambiguous, because there are several
possible ways to parametrize the relevant interactions [20,41].

Even after errors were recognized, the parameters provided
by Carnall et al. [21] more than three decades ago have
been used repeatedly and without update. For example, just
recently, they have been used to estimate crystal field parame-
ters for Dy3+ in rare-earth oxides [42], hyperfine interactions
for Ho3+ in yttrium orthosilicate [30], dipolar interactions
between Gd3+ in rare-earth oxides [43], and the g-tensor for
Er3+ implanted into silica [44]. Furthermore, errors in the
original calculation may be obscured when fitting the model
parameters, yielding similar closeness to the experimental
energies, at the cost of inaccuracy in the eigenvectors.

This paper revisits the canonical work of Carnall et al.
[21]. The relevant spectroscopic tables for the semi-empirical
Hamiltonian are recalculated, addressing both previously
noted errors as well as newly identified ones. Then, by de-
tailed analysis of the magnetic contributions in the calculated
spectra, we present and correct for incongruencies in the
claimed inclusion by Carnall et al. of the spin-spin interaction.
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Furthermore, an ongoing challenge in physics is the difficulty
of reproducing published research [45]. Besides some theo-
retical challenges, the semi-empirical approach suffers from
practical challenges, many of which we aim to resolve here.
Currently available computer codes for doing these calcula-
tions are not only outdated, but they yield incompatible results
(i.e., the same set of parameters leads to distinct spectra),
and their internal calculations are not sufficiently documented.
Here, we present a modern, well-documented, publicly avail-
able implementation written in Wolfram language, called
qlanth [46], offering solutions to many of these deficiencies.

In Sec. II, we introduce the Hamiltonian and its map-
ping to the parametric semi-empirical Hamiltonian within
the single-configuration approximation. In Sec. III, we com-
pare our calculations to the literature, as well as to other
code implementations. Sections IV and V offer updated fitted
parameters—together with a collection of reproducible data
including energies, eigenvectors, and optical transitions—that
provide an updated reference for the spectroscopy of trivalent
lanthanide ions.

II. PARAMETRIC SEMI-EMPIRICAL HAMILTONIAN FOR
THE 4 f ELECTRONS IN THE SINGLE-CONFIGURATION

DESCRIPTION

A fundamental description of the electromagnetic interac-
tions for the f electrons of lanthanide ions embedded in a
crystal host may be represented by the following Hamiltonian:

H = HK + Hn + He-e + Hs-o

+ Hs-s + Ho-o + Hs-o-o + HCF. (1)

The main contributions are the kinetic (K), nuclear (n),
Coulomb (e-e), and spin-orbit (s-o) terms. Besides the main
contributions, there are additional magnetic interactions be-
yond the single-electron spin-orbit (si · l i) term that need to
be considered to take into account relativistic corrections that
are not negligible in heavier atoms. These relativistic contribu-
tions may be derived from the Breit Hamiltonian resulting in
two-body interactions including spin-spin (si · s j ), spin-other-
orbit (si · l j ) [2,47–52], and orbit-orbit (l i · l j ) [2,49,52–54].
Finally, the influence of the host is included as an effective
potential (CF) with the appropriate symmetry for the crystal
host.

An approximate solution to the Hamiltonian in Eq. (1)
can be obtained by limiting the Hilbert space to the 4 f N

ground configuration, where N is the number of electrons
in the 4 f shell. The single (ground) configuration 4 f N op-
poses a more generic approach that includes the occupation
of additional (excited) orbitals in the Hilbert space, discussed
later in the configuration-interaction treatment. In the single-
configuration description, a particular basis state is labeled by
specifying its S, L, J , and MJ quantum numbers, and is usually
written as |ψ〉 = | f NτSLJMJ〉 state, where τ is an additional
quantum number that accounts for the degeneracy of the LS
terms. The matrix elements are analyzed using the algebra
of irreducible tensor operators developed by Racah [35–38],
in which the angular part can be calculated explicitly, and
the radial part subsumed as multiplicative coefficients. More
precisely, matrix elements of the form 〈ψi|H|ψ j〉 need to be

determined, where i, j run over all the states | f NτSLJMJ〉.
Racah algebra allows computing each matrix element in the
form p〈ψi|Ô|ψ j〉, where the operator Ô contains the angular
part and the radial part p is a coefficient later treated as a fitting
parameter. Once these reduced matrix elements have been
determined for the configurations f N with N � 3, then the
method of fractional parentage [38] is used to determine them
for f N+1. Further details of the calculations of such matrix
elements are well documented in Refs. [2,55] and will not be
repeated here. In the following, however, we will summarize
how the form of Hamiltonian shown in Eq. (1) is transformed
to the form actually used in calculations as given ahead in
Eq. (2). A summary of this mapping is given in Appendix A.

First, the kinetic energy and nuclear potential energy (HK

and Hn) depend only on the number of electrons N , are
constant over the states of the ground configuration, and are
noted as H0 + ε in Eq. (2), where ε is a constant shift used
to optimize the fitting, following common practice [21,24].
Second, the next largest contribution to the energy spectrum
comes from the Coulomb term (He-e). The calculation of the
matrix elements involving the Coulomb term leads to the set
of parameters F (k) and operators f̂k , where k corresponds
to the order of the Slater radial integral, and where only
k = 0, 2, 4, 6 need to be considered as per selection rules of
integrals of products of three spherical harmonics. Third, a
large contribution also comes from the spin-orbit term (Hs-o),
which reduces to a single fitting parameter ζ and the operator
ŝi · l̂i for the ith electron.

As a result, the parametric semi-empirical Hamiltonian can
be written as [2]

Hpara = (H0 + ε) +
∑

k=0,2,4,6

F (k) f̂k + ζ

N∑
i=1

(ŝi · l̂i )

+ αL̂2 + β Ĉ(G2) + γ Ĉ(SO(7)) +
∑

k=2,3,4,6,7,8

T (k)t̂k

+
∑

k=2,4,6

P(k) p̂k +
∑

k=0,2,4

M (k)
(
m̂s-o-o

k + m̂s-s
k

)

+
N∑

i=1

∑
k=2,4,6

k∑
q=−k

B(k)
q Ĉ(k)

q (i), (2)

where L̂ is the total angular momentum of all 4 f N electrons,
Ĉ(G2) and Ĉ(SO(7)) are the Casimir operators of groups G2

and SO(7), respectively. Ĉ(k)
q are spherical harmonics with

the Racah normalization convention. On first approximation,
many parameters in the semi-empirical Hamiltonian have sim-
ple integral expressions in terms of the radial part of the
single-electron orbitals. However, these expressions become
significantly more complex when configuration interaction is
included, and estimating the single-electron orbitals is itself a
nontrivial task. The semi-empirical approach addresses these
theoretical challenges by directly referencing experimental
data to determine the value of the model’s parameters.

A. Configuration, magnetic, and crystal field interactions

The single-configuration approximation can be much im-
proved by the inclusion of effective terms originating from
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configurations other than 4 f N . These effects constitute the
next most important correction to the Hamiltonian and may
be calculated using perturbation theory without increasing the
size of the Hilbert space. For example, the configuration in-
teraction analysis relevant to the ground configuration 4 f 3 of
Nd3+ considers configurations like 4 f 26s, 4 f 25d , and 4 f 16s2.
Luckily, for the trivalent lanthanides, the center of the energy
spectrum of the 4 f configuration is well isolated (∼104 cm−1)
from other configurations [56], thus interacting only via high
energies. This justifies treating the interacting configurations
as perturbations to the single-configuration description, which
to second order adds terms like 〈ψ |G|m〉〈m|G|ψ ′〉/	Em to the
Hamiltonian [57], where |m〉 represents a configuration other
than 4 f and G the Coulomb operator. These perturbations are
responsible for the parameters α, β, and γ in Eq. (2), as well
as a screening of the F (k) parameters. Moreover, still within
second-order perturbation theory, the case of one-electron
excitation either from or into the 4 f N shell (e.g., 4 f 25d in
Nd3+) needs an additional set of parameters T (k), in which the
orbital part involves coordinates of three electrons and thus
represents an effective three-body interaction [57,58]. In some
hosts where the charge transfer bands are close to the excited
states of the 4 f N configuration, it is necessary to explic-
itly consider a hybridization with the ligand wave functions
[59,60]. Terms of third order from perturbation theory lead
to additional parameters T (11), . . . , T (19) with accompanying
three-body operators [41,57], which will be disregarded here
following common practice.

The configuration interaction analysis can yield additional
terms in which different operators are correlated to one an-
other. In addition to the previously discussed contributions,
second-order perturbation theory brings extra terms, like
〈ψ |
|m〉〈m|G|ψ ′〉/	Em, where 
 is the spin-orbit operator;
see Refs. [40,61]. That term is called electrostatically corre-
lated spin-orbit interaction, because of its mixing of G and

. In Racah formulation, this term contributes similarly to
the spin-other-orbit discussed below, but also requires a set
of independent parameters P(k) called the pseudomagnetic
parameters.

The magnetic dipolar interaction (Hs-s) contributes with
the parameters M (k), which have a radial integral form as
defined by Marvin [62], and appears with the m̂s-s

k operators
in the Hamiltonian. The effects of the spin-spin contribution
in the energy spectrum (on Pr, Nd, Er in LaCl3) are discussed
in Ref. [63]. The next magnetic interaction, the spin-other-
orbit (Hs-o-o), contributes in two manners. First, it contributes
to modifying the spin-orbit parameter ζ . Second, it also re-
quires M (k) as fitting parameters. Although sharing the same
fitting parameters, we explicitly write the operator m̂s-o-o

k for
the spin-other-orbit in Eq. (2) to distinguish it from the dipo-
lar interaction. The reason for that will become clear in the
next section, where we make a quantitative comparison with
literature results. The orbit-orbit interaction (Ho-o) contributes
similarly as α, β, and γ and therefore is parametrically ab-
sorbed in the fitting.

Finally, the effect of the crystal field (VCF) from the host
material on the 4 f electrons of the lanthanide ions is taken
into account with the B(k)

q parameters. The nonzero crystal
field parameters are determined by the point symmetry of
the location of the ions inside of the host crystal, where

TABLE I. Maximum splittings between consecutive energies
(middle column) and total extent of the spectrum (right column) from
the parametrized Hamiltonian. The ranges account for the splittings
encountered across all trivalent lanthanides doped into LaF3. Notice
that these ranges are only approximate for the reasons discussed in
the main text.

Parameter Subsequent splitting ( cm−1) Total extent ( cm−1)

F (k) (20000 − 40000) (45000 − 190000)
ζ (2000 − 10000) (2000 − 40000)
α, β, γ (300 − 1200) (2000 − 6000)
T (k) (100 − 2000) (800 − 8000)
P(k) (20 − 200) (100 − 900)
M (k) (10 − 40) (100 − 500)
B(k)

q (40 − 500) (600 − 3000)

less symmetry requires more parameters (see discussion in
Ref. [23]). The calligraphic B(k)

q carries both the real and
imaginary coefficients, such that B(k)

q = B(k)
q + iS(k)

q .

B. Parametric semi-empirical Hamiltonian

To build intuition about the relative contribution of each
interaction term in Eq. (2) for the case of lanthanide ions in
LaF3, we looked at the maximum energy splitting between
subsequent energies, generated by each term individually.
This only approximates the contribution of each interaction,
because the operators included in the Hamiltonian do not
commute. Additionally, their physical origins are not un-
equivocal, because the same parameter may be enhanced or
suppressed by contributions from different physical mecha-
nisms, as discussed in Appendix A. For simplicity, each term
will be referred approximately according to its main effect.
All things considered, the Coulomb interaction between f
electrons (F (k)) leads to splittings of the order of 104 cm−1

and spin-orbit (ζ ) is typically 103 cm−1. Configuration inter-
action (α, β, and γ ) adds energy splittings of the order of
102 cm−1. The three-body terms can be very different among
the ions, varying splittings within (102–103) cm−1 from 3 to
12 electrons. Also, the electrostatically correlated spin-orbit
interaction (P(k)) have smaller contributions of ∼102 cm−1.
Magnetic contributions (M (k)) are even smaller at about
10 cm−1. Finally, the crystal field contribution is of the order
of 102 cm−1. Table I presents the range of values found across
the lanthanide ions in LaF3.

C. Orthogonal and non-orthogonal operators

Orthogonal operators reduce parameter correlations in
Hamiltonian fitting, as originally discussed by Judd, Cross-
white, and Suskin [20,41], even though both orthogonal and
non-orthogonal forms yield the same energy spectra when
the corresponding coefficients are properly mapped (see Ap-
pendix B). While the use of orthogonal operators often results
in better fitting precision, as evidenced by smaller residuals in
7 out of 12 cases compared to the non-orthogonal approach
(Table VI), they can also lead to larger parameter uncertain-
ties. Note that a fully orthogonal Hamiltonian would require
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TABLE II. Additional errors in the fncross tables identified here. The row for n = 7 was incorrectly attributed to 〈2F3|t̂3|2F8〉 by Judd and
Lo [34] and the other rows were not quoted by them.

n op 〈LS| |LS′〉 qlanth fncross

3 t̂7
2L 2L −0.026503 −0.026053

6 t̂4
1S1 1S3 5.737097 −5.737097

6 t̂4
1Q 1Q −0.856893 0.000000

7 t̂3
2F1 2F8 −4.535574 −3.239695

8 t̂3
1S1 1S3 −5.7371 5.7371

8 t̂6
1S2 1S3 −3.55842 3.55842

8 t̂7
1S3 1S4 2.53546 −2.53546

8 t̂2
1S2 1S3 −0.589802 −1.4863

8 t̂4
1Q 1Q 0.856893 0.0

8 t̂4
1S3 1S4 −0.29277 0.29277

12 t̂2
1G 1G −0.404061 0.000000

dealing with the m̂(k) and p̂(k) operators that are not orthogonal
[40,64].

We would like to highlight the special case of the f 12

configuration (Tm3+), because it has been a point of misun-
derstanding and errors in past results. Some matrix elements
〈ψi|t̂2|ψ j〉 f 12 of the non-orthogonal operator t̂2 are nonzero;
this is confusing since a three-body term is then present in f 12,
which is a complementary configuration of two holes. On the
contrary, if one uses t̂⊥

2 then all matrix elements 〈ψi|t̂⊥
2 |ψ j〉 f 12

are zero, and, as such, the energy spectrum of Tm3+ is inde-
pendent of the parameter T (2)

⊥ .

III. QUANTITATIVE COMPARISONS
WITH THE LITERATURE

In this section, we will provide a quantitative comparison
between results from qlanth and the results presented by
Carnall et al. for LaF3 in Ref. [21]. We will point to errors in
the spectroscopic tables and additional features that allowed
us to reproduce, fairly closely, their results by reintroducing
known and additional errors.

A. Errors in the spectroscopic tables of reduced matrix elements

In 2008, Chen et al. [33] reported errors in the tabulated
values of the reduced matrix elements of the spin-other-orbit
coupling m̂k and the electrostatically correlated spin-orbit in-
teraction p̂k . As Chen et al. described, errors were found
in data files with tabulated reduced matrix elements, which
we refer to as fncross tables, a naming consistent with prior
works, in recognition of the foundational work of Judd, Cross-
white, and Crosswhite [40] that first produced these tables.
These tables have been used in several codes including SPEC-
TRA (supported by the Argonne National Laboratory [65])
and linuxemp, and our results indicate that these tables were
also used by Carnall et al. [21].

In addition to the errors mentioned above, Judd and Lo [34]
identified errors in the reduced matrix elements of the three-
electron configuration-interaction t̂k . We extracted the fncross
tables from Ref. [66], where there are two alternatives for the
fncross tables: fn and fn_new. The fn_new files fix the errors
identified by Chen et al., but still contain the errors identified
by Judd and Lo. Furthermore, we found that the fncross tables
(fn and fn_new) contain a few additional errors in the t̂k matrix

elements, listed in Table II. Finally, for N = 7, there is a typo
in Judd and Lo, where 〈2F5|t̂3|2F8〉 should be 〈2F1|t̂3|2F8〉.
Furthermore, when the method of fractional parentage is used
to calculate reduced matrix elements for all f N , some matrix
elements that are exactly zero when computed with symbolic
arithmetic (as done here) may yield small but nonzero values
because of accumulated rounding error when using finite pre-
cision arithmetic (see the Supplemental Material, SM [67] for
a complete list of errors).

The results presented below make us believe that the errors
pointed above were present in the calculations performed by
Carnall et al. [21]. In Fig. 1, we compare the calculated
energies using qlanth and those quoted by Carnall et al.
for the cases when errors are included in the calculation and
when they are not. We clearly see that the calculated ener-
gies are much closer to theirs when the errors are present.
These errors can lead to differences in the energy spectrum
of approximately ∼30 cm−1, as observed for erbium. Across
all lanthanide ions, we find an average discrepancy of about
10 cm−1, which is significantly larger than the nominal 1 cm−1

uncertainty typically reported for experimental values.

B. Omission of the spin-spin interaction

Beyond the errors discussed above, we noticed that some
of the remaining discrepancies in Fig. 1 can be reduced by
excluding the spin-spin contribution m̂s-s

k to the Marvin in-
tegrals. Whereas Carnall et al. [21] claim to have included
the spin-spin contribution to the magnetic interactions present
in the spectrum, our calculations indicate that this term was
omitted. In Fig. 2, we compare the calculated energies using
qlanth and those quoted by Carnall et al. for the cases when
the spin-spin contribution is included in the calculation and
when it is not. Again, we clearly see that the calculated en-
ergies are much closer to reported values when the spin-spin
contribution is absent. Notice that in this figure all the results
include the errors discussed in the previous subsection. Also,
the effect of excluding the spin-spin contribution brings the
differences down to 5 cm−1 or less. Finally, we would like to
stress that removing the spin-spin contribution was only done
with the intent of understanding the calculations in Ref. [21];
thus, except for the results in Fig. 2, all other results presented
here include this term. Finally, the spin-spin contribution is
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FIG. 1. Differences (	 ≡ Eql − ER) between the energies cal-
culated using qlanth (Eql ) and those quoted by Carnall et al. in
Ref. [21] (ER) for the cases when the errors discussed in Sec. III
are included (green circle) and when they are not (red cross). In
these differences, both sets of energies are shifted to share a common
energy for the ground state.

zero in the multiplets with S = 0 and is independent (as long
as J is a good quantum number) of MJ , that explains the
plateaus in the energy differences.

For completeness and clarity, in Fig. 3 we present a com-
parison between our best attempt at reproducing the energy
spectra reported by Carnall et al. [21] (blue cross in Fig. 2)
and the results that we obtained after correcting the errors
(red cross in Fig. 1)—notice that in Figs. 1–3, each spectra
(Eql and ER) is shifted to have a zero ground-state energy, in
this way 	 always starts at zero value for the first energy
index. In that figure, the blue crosses show that we were
able to reproduce the calculations of Carnall et al. [21] for
most ions with a precision of a few cm−1. The most striking
difference is for Tb3+, where a discrepancy of ∼30 cm−1 is
observed across the spectrum. Sm and Dy also show some
large deviations from their results. On the other hand, the red
crosses indicate that in many cases the correct calculations are
noticeably different, with the most notable case being the Er
ion, which consistently shows deviations of ∼30 cm−1.

FIG. 2. Differences (	 ≡ Eql − ER) between the energies cal-
culated using qlanth (Eql ) and those quoted by Carnall et al. in
Ref. [21] (ER) for the cases when the Hamiltonian term m̂s-s

k is
included (green circle) and when it is excluded (blue cross). These
results include the errors discussed in Sec. III, thus the green circles
are the same data as in Fig. 1.

C. Typographical mistakes in quoted energy levels

In the appendix of Ref. [21], we have found a few obvious
typographical errors. We detail them in the SM [67]. Further-
more, the tables sometimes report only the number of energy
levels within a certain range, instead of listing the explicit
values; other times they report a gap in the spectrum at high
energies. In a few cases, we found these ranges incompatible
with calculations. For these reasons, we have included in the
supplementary electronic files, the adjusted list of energies
that we used to compare the results presented here.

D. Other codes

We performed an extensive analysis of our results with two
other available codes. Specifically, we have made compar-
isons against Lanthanide authored by Edvardsson and Åberg
[68], and linuxemp by Reid [66].

The comparisons were established through the energy
spectra, generated from different codes using the same set
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FIG. 3. Differences (	 ≡ Eql − ER) between the energies calculated using qlanth (Eql ) and those quoted by Carnall et al. in Ref. [21]
(ER) for the case when the errors discussed in Sec. III are corrected and the Hamiltonian term m̂s-s

k is included (red cross), and for the case
when errors discussed in Sec. III are included in the calculation and the Hamiltonian term m̂s-s

k is excluded (blue cross).

of parameters. First, it is important to note some substantial
differences between codes. For instance, Lanthanide does not
include M (k) or P(k) parameters; therefore, we set those pa-
rameters to zero in these calculations. Overall, we found that
qlanth and Lanthanide have an excellent numerical agree-
ment (up to 10−7) only if the T (k) parameters are set to zero
in the calculations. On the other hand, calculations with a

complete set of parameters, including T (k), show significant
differences in the spectra. Unfortunately, we could not resolve
or find an intuitive explanation for these differences. More de-
tails of these results are provided in the set of electronic files.

In the case of linuxemp, we used a publicly available ver-
sion from 2018 [66]. This included two alternatives for the
fncross tables, including the latest one with fixes to the errors
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identified by Chen et al. [33]. For comparison, we omitted the
spin-spin contribution (which is also excluded in linuxemp as
per their documentation) and used the most recent version of
the fncross tables in linuxemp, keeping the same parameters
to calculate energies with both codes. In most cases the max-
imum absolute difference between the two sets of calculated
energies (for the entire calculated energy spectra) was found
to be smaller than 0.2 cm−1. Exceptionally, in the cases of
Eu, Gd, Tb, and Tm, the maximum absolute differences were
680 cm−1, 32 cm−1, 560 cm−1, and 94 cm−1, respectively. If
the mean of the absolute differences is considered, then in
all cases (excluding Tm, in which it is 16 cm−1) the mean
discrepancies are always smaller than 3 cm−1, which tells us
that most of the energies were similar with a few exceptions.
We have identified that the outlier energies that give the large
maximum discrepancies are the result of the additional errors
identified in Table II. Accounting for these errors, the maxi-
mum absolute differences drop to below 1.1 cm−1 in all cases.
Since linuxemp is widely used, we provide corrected versions
of the fncross files in the SM [67].

After extensive comparisons with the codes mentioned
above, we also came across other relevant codes. These
include pycf by Sebastian Horvath [69], Dicke by Jevon
Longdell [70], and most recently NJA-CFS code by Fiorucci
and Ravera [71,72]. Comparing our results to these would be
an interesting avenue for future work.

IV. UPDATED LEVEL STRUCTURES

In this section we show our results of the refitted pa-
rameters of the semi-empirical Hamiltonian for the case of
lanthanide ions in LaF3. Specifically, Table III shows our ob-
tained parameters when the model is fitted to the same energy
levels used in Carnall et al. [21]. In these calculations, we have
included the spin-spin contribution term m̂s-s

k and corrected
the errors discussed in Sec. III. The assumptions for these
calculations are described below in detail and reflect our best
effort to reproduce the parameter choices in that reference.

A. Fitting assumptions

First, our fittings to the model parameters use the same
experimental energy levels used in Ref. [21] for LaF3. Second,
previous numerical approaches used a truncated version of the
semi-empirical Hamiltonian in the fitting procedure (although
the full diagonalization is made with the converged param-
eters to obtain the final energy spectrum); here, truncation
was completely avoided, see the SM [67] for more details.
Third, when some parameters are constrained as proportional
to others, we kept the same ratios as Carnall et al. [21].
Specifically, for Eu we fixed F (4) = 0.713F (2) and F (6) =
0.512F (2); for Gd we fixed F (4) = 0.71F (2); and for Tb we
fixed F (4) = 0.707F (2). For the M (k) and P(k) parameters
we used the constraints M (2) = 0.56M (0), M (4) = 0.31M (0),
P(4) = 0.5P(2), and P(6) = 0.1P(2) for all ions. Fourth, since
Carnall et al. held some parameters fixed, we repeated this
pattern (see Table III). Fifth, we also assumed a C2v site
symmetry for the crystal field.

In Carnall et al. [21], ad hoc choices were made for some
parameters that were held fixed with the intent of improving

FIG. 4. Relative absolute differences (%) between the fitted pa-
rameters shown in Table III (ql) and those quoted by Carnall et al. in
Ref. [21] (R). The colors represent the intensity of these percentage
differences according to the scale bar on the right and, for better visu-
alization, we also write the calculated values on their corresponding
squares. Empty squares, not numbered, indicate parameters that are
not present in the model.

the fitting. Instead of addressing these small improvements
individually, we chose to implement a systematic protocol as
explained in the following. When a parameter is held fixed
for a given lanthanide, previously fitted values in other lan-
thanides are used to decide the value at which it is fixed
during fitting. We notice that for Pr, Nd, and Dy every pa-
rameter is freely varied, so we used those three cases as
starting points. From there, we used a linear fit (number of
electrons in the f shell versus parameter value) to fix the
parameter values for Ce and Sm. For example, a linear fit
from the B(2)

2 parameters from Pr, Nd, and Dy [(2,−126),
(3,−50), and (9,−60)] allowed us to extrapolate/interpolate
and obtain the values for Ce and Sm [(1,−98) and (5,−80)].
We followed this procedure in the following sequence: Ce →
Sm → Ho → Er → Tm → Yb → Tb → Eu → Gd. In
this sequence, whenever a parameter is to be held fixed for a
given lanthanide, the previously fitted values are considered.
For example, the B(2)

0 = −224 cm−1 parameter in Ho was
obtained from a linear fit from Pr, Nd, Dy, and Sm [notice
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FIG. 5. Absolute differences between calculated values with refitted parameters and experimental data. The upper axis (purple color online)
shows the difference between our calculated values and the experimental ones. The lower axis (orange color online), shows the differences
between the values reported by Carnall et al. and the same experimental ones.

that we have not used B(2)
0 from Ce, because in that case B(2)

0
was fixed and not freely varied]. The F (k) and ζ parameters are
exceptions to the linear fit, these parameters have a non-linear
trend across the lanthanide row. For these parameters, we took
an empirical approach and used a cubic spline interpolation
based on previously fit values. A common practice is using
ζ ∝ Z2 [73], where Z is the atomic number. This order was
motivated by the number of estimated parameters needed and
number of experimental values available.

The above paragraph describes our best approach to re-
produce the approach to fitting used by Carnall et al. [21].
However, we acknowledge that different approaches could
further improve the fitting process. For instance, we believe
the parameters follow a trend across the lanthanide series,
making a global fit—fitting the parameters for all lanthanides

simultaneously—a more suitable approach. This could in-
volve imposing a simple relationship between the parameters
and reducing their overall number of independent variables.
Lastly, an additional improvement may be achieved in con-
sidering a crystal field with C2 site symmetry—the actual
symmetry of the La sites in LaF3.

B. Fitting method and uncertainties

Following the approach of Carnall et al. [21], we used
the Levenberg-Marquardt method [74,75] to find parameter
values that minimize s2 = ∑

i(Eql − EEXP)2
i . This is a de-

terministic fitting method, that requires an initial guess to
parameter values, so we use the parameters in Ref. [21] as
starting points. As such, the fitted parameters here reflect a
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FIG. 6. (x1) Energy difference, 	E = |ER − Eql |, and (x2) fidelity, (Tr
√√

ρqlρR
√

ρql )2, between the eigenvectors for lanthanide ions in
LaF3, computed using the parameters in Table III and the parameters reported in Carnall et al. [21].

refinement of those results, rather than an attempt to find
global minima; see discussion in Appendix C.

For obtaining the uncertainties, the specific parametric
form of the semi-empirical Hamiltonian allows one to com-

pute the gradient of each energy i as a function of the
parameters Ei({p}) = E0

i + ∇Ei · (p0 − p), where p com-
prises the set of parameters involved in the fitting. This
method yields ∇Ei from a simple re-interpretation of terms
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in first-order perturbation theory. This linear approximation
of the eigenvalues around the local minimum then allows one
to compute s2 to second order in the model parameters p.
Here, a constant uncertainty in the energy differences was
assumed to be 1 cm−1. This is compatible with the nominal
uncertainty of the energies in Ref. [21], and provides un-
certainties in the parameters that are of similar magnitude
to the ones provided by them. Together with the num-
ber of degrees of freedom ν in the corresponding fit, this
allows us to compute the error intervals from the contour
χ̃2 = 1

ν
s2

σ 2
exp

= χ̃2
min + 1 [76].

C. Fitted parameters and energy spectrum

Our main results are summarized in Table III, which shows
fitted parameters for LaF3 (see SM [67] for an equivalent
analysis of LiYF4). Analyzing these results, we find that the
average root mean squared deviation (σ ) in our calculation
is similar to those (σRef) in Ref. [21], despite the significant
differences in some parameters. Figure 4 shows the percent-
age differences between fitted parameters. Investigating the
results in this figure, we notice that the Coulomb interaction
F (2), F (4), F (6), and the spin-orbit ζ parameters do not show
a significant change with respect to the reference values.
The two-electron configuration-interaction parameters α, β,
and γ show small relative differences (�10%). This is un-
derstandable because these parameters (for which there are
no significant errors in Carnall et al. [21]) set the general
structure of the spectrum. Larger differences (about 30% or
higher) appear in the three-electron configuration-interaction
T (k) and the pseudomagnetic P(k) parameters. Interestingly,
T (2) parameters become significantly different above N = 7
electrons and the T (4) parameter have the largest relative
differences, across the lanthanide row. The crystal field pa-
rameters B(k)

q are generically different, with the exception of
Pr and Nd ions that show very good agreement. In fact, all Nd
fitted parameters are very close to the reference results.

Figure 5 compares the difference between the reported
calculated energies and experimental values in Carnall et al.
[21] with our fit results that include all the corrections noted
above. Note that the residuals between the fitted energies and
the experimental values in Fig. 5 are ∼10 cm−1. Quantita-
tively, this agrees with the root mean square error (σ ) of
8 cm−1 to 19 cm−1 shown in Table III, except in the cases of
Ce and Yb, which have exceptionally large σ because of the
large number of parameters in comparison with the number of
available energy levels. Relatedly, we notice that the Pr, Eu,
Gd, and Tm ions present less than 100 energies for the fitting;
in the case of Eu there are only ∼30 energies, which can be
the reason for the large differences in the resulting parameters,
as shown in Fig. 4.

D. Comparison between eigenvectors

Besides comparing the energies calculated using different
approaches, it is also worthwhile to compare the resulting
eigenvectors, as they reflect errors in propagated quantities
such as transition rates.

We use fidelity (F ) to quantify the difference between
states, defined as F = (Tr

√√
ρ1ρ2

√
ρ1)2. For an odd num-

FIG. 7. Calculated magnetic dipole transition rates AMD/n3 of the
lanthanide ions in LaF3 for transitions from ultraviolet to infrared.
All data provided in the electronic files.

ber of electrons in the 4 f N shell, it is necessary to consider
both states of the degenerate Kramers pair (|ψ〉 and |ψK〉)
in order to adequately compare the results. In these cases,
we employ the maximally mixed state to compare subspaces,
i.e., ρ = 1/2(|ψ〉〈ψ | + |ψK〉〈ψK |). For an even number of
electrons, the fidelity simplifies to F = |〈ψ1|ψ2〉|2. The states
are identical when F = 1 and orthogonal when F = 0.

Figure 6 compares the fidelity between the states obtained
with qlanth using the refined parameters from Table III with
those from our best attempt to reproduce the results from
Carnall et al. [21], as described in Sec. III (i.e., putting back
the errors in the matrix elements and excluding the spin-spin
contribution). Two extreme cases are observed: significant
differences in the energies having almost identical states (F =
1), as well as similar energies having fidelities noticeably
smaller than 1. A good example is Pr, for which all eigen-
vectors are nearly identical, showing that two distinct spectra
can describe essentially the same states. As a counterexample,
Ho illustrates that similar energies can correspond to very
different states. Furthermore, in most cases, the ground state
and the first few excited states are nearly identical, with the
notable exception of Er, which exhibits significantly different
states in the ground state (F = 0.88). Overall, these results
highlight that errors in the Hamiltonian can be compensated
by the fitted parameters, yielding energy spectra that appear
equally accurate to experimental data, but at the cost of pro-
ducing errors in the eigenvectors, as illustrated in this figure.

V. MAGNETIC DIPOLE TRANSITIONS

In this section we discuss the absorption and emission rates
for magnetic dipole transitions [77] and show results for the
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FIG. 8. Maximum magnetic dipole transition rates for different wavelength ranges across the lanthanide ions. The height of the bar indicates
the magnitude of the rate and the text shows the main (2S + 1)LJ component of the initial and final states. Cases marked with ∗ are cases in
which the given coarse labels are ambiguous, see Table IV for a longer description of these cases.
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TABLE III. Fitted model parameters using qlanth. Following Carnall et al. [21], parameters in square brackets were held fixed during
fitting. In the case of Eu, Gd, and Tb, some Slater parameters were constrained to be proportional to F (2). For Eu, F (4) = 0.713F (2) and
F (6) = 0.512F (2). In the case of Gd, F (4) = 0.71F (2). And in the case of Tb, F (4) = 0.707F (2). The data was fitted in the following order: Pr,
Nd, Dy, Ce, Sm, Ho, Er, Tm, Yb, Tb, Eu, Gd.

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb

F 2 68870(10) 73040(20) [76501] 79690(20) 82612(7) 85415(10) 88520(60) 91790(80) 94310(50) 97680(20) 100420(10)
F 4 50410(30) 52790(80) [55009] 57050(50) [58902] [60645] [62581] 64300(200) 66530(90) 67970(40) 69580(40)
F 6 32890(20) 35770(40) [38164] 40080(30) [42297] 44610(10) 46720(70) 49200(200) 50860(90) 52800(40) 54260(60)
ζ 645.4(0.4) 749.8(0.8) 885(1) [1026] 1176(1) 1333.7(0.5) 1493(2) 1707(2) 1911(2) 2144(1) 2378(1) 2633.9(0.5) 2914.6(0.4)
α 16.1(0.1) 21.4(0.1) [19] 19.9(0.1) [18] 17.98(0.07) 17.6(0.2) 17.9(0.3) 17.5(0.2) 17.3(0.1) 17.1(0.2)
β −558(7) −590(6) [–568] −563(9) [–578] [–582] −510(30) −630(10) −622(7) −588(6) −615(9)
γ 1364(6) 1430(10) [1496] [1563] [1630] [1697] [1764] 1830(60) [1898] [1964] [2031]
T 2 292(5) [294] [296] [299] [301] [303] 310(10) [308] [310] [313]
T 3 36(2) [37] [39] [39] [40] [41] 46(6) 40(3) 44(3)
T 4 60(3) [69] [72] [77] [81] [85] 100(30) 119(6) 69(3)
T 6 −288(5) [–314] −351(9) [–301] [–294] −270(30) −330(20) −230(20) −271(6)
T 7 339(7) [356] 366(8) [351] [348] 340(20) 400(10) 330(30) 310(10)
T 8 305(9) [333] 338(5) [329] [327] 400(10) 316(9) 300(10) 290(10)
M0 1.9(0.1) 2.2(0.1) [2] 2.5(0.1) [2] 2.8(0.1) 2.5(0.1) 3.2(0.1) 2.3(0.1) 4(0.1) 3.8(0.2)
P2 −40(20) 210(30) [224] 310(30) [338] 530(60) 450(40) 650(30) 540(30) 730(40) 620(30)
B2

0 [–237] −221(7) −260(10) [–220] −190(20) −190(10) [–230] −250(20) −240(20) [–224] −247(9) −257(8) [–250]
B4

0 [645] 740(20) 500(60) [551] 320(60) 480(30) [515] 630(40) 570(50) 560(40) 350(50) 460(20) [425]
B6

0 [766] 670(20) 650(40) [583] 630(60) 520(30) [479] 290(40) 190(50) 380(40) 570(40) 310(20) [297]
B2

2 [–98] −127(6) −50(10) [–90] [–80] [–91] [−92] −100(10) −70(10) −100(10) −99(9) −102(5) [−94]
B4

2 [518] 420(10) 510(30) [464] 650(40) [413] [388] 300(30) 200(40) 270(30) 360(30) 310(10) [248]
B6

2 [–926] −920(10) −830(30) [−809] −700(40) [–720] [–676] −700(30) −670(30) −550(30) −410(40) −450(20) [–398]
B4

4 [599] 610(10) 570(30) [543] 430(30) [514] [500] 490(30) 550(30) 460(20) 400(30) 430(10) [413]
B6

4 [–429] −360(20) −410(30) [–365] −470(40) [–318] [–294] −230(20) −150(40) −200(20) −200(20) −240(20) [–158]
B6

6 [–866] −790(20) −830(30) [–747] −720(40) [–680] [−647] −540(30) −550(30) −590(20) −520(30) −510(20) [–461]
ε 7 −2 −4 −16 −7 −21 −2 −8 −4 −7 −12 −11
n 7 75 146 233 29 70 146 198 204 127 56 5
σ 46 16 14 13 16 11 8 12 9 19 13 59
nRef 7 75 146 232 29 70 146 198 204 127 56 5
σRef 51 16 14 13 16 10 12 12 10 19 10 38

lanthanides in LaF3—these calculations expand upon and cor-
rect the work from Dodson and Zia [15], wherein specifically,
the T (2) parameter was mistakenly omitted for the Tm3+ ion

and the code contained a typo in the matrix elements from the
L̂2 operator. In the following, both absorption and emission
are calculated from the line strength defined between any two

TABLE IV. Energies and wavevectors truncated to the largest contributions involved in the spontaneous transitions shown in Fig. 8 marked
with ∗. For each transition, the transition wavelength λ = (Einitial − Efinal )−1 is provided together with the initial and final energies, Einitial and
Efinal, as well as the corresponding eigenvectors |ψinitial〉 and |ψfinal〉. Contributions to the eigenvectors different only by the sign of MJ are
aggregated as ±MJ .

Lanthanide
λ(nm)

Einitial( cm−1)
Efinal( cm−1)

|ψinitial〉
|ψfinal〉

Eu
948 nm

55717
45168

−0.23|3M210,±6〉 + 0.21|3M210,0〉 − 0.20|3M310,±6〉 − 0.20|1N210,±6〉
+0.22|3M310,±5〉 − 0.21|3O10,±5〉

Eu
1568 nm

80943
74565

−0.22|3M18,±8〉 + 0.21|3M18,±2〉
−0.23|3M18,±7〉 + 0.17|1L48,±7〉

Dy
1339 nm

46383
38915

−0.23|4P2 5
2 , 5

2
〉 − 0.21|2F7 5

2 , 5
2
〉 − 0.17|4P2 5

2 ,− 3
2
〉 − 0.17|4G4 5

2 , 5
2
〉

−0.4|4P2 5
2 ,− 3

2
〉 − 0.32|6P 5

2 ,− 3
2
〉 + 0.28|4G1 5

2 ,− 3
2
〉 + 0.28|4G4 5

2 ,− 3
2
〉

Dy
1352 nm

46477
39078

+0.21|4P2 5
2 , 3

2
〉 − 0.21|4P2 5

2 ,− 5
2
〉 + 0.20|4I2 9

2 ,− 1
2
〉 + 0.19|2F7 5

2 , 3
2
〉 − 0.19|2F7 5

2 ,− 5
2
〉

+0.39|4P2 5
2 ,− 5

2
〉 + 0.31|6P 5

2 ,− 5
2
〉 − 0.28|4G1 5

2 ,− 5
2
〉 − 0.28|4G4 5

2 ,− 5
2
〉

Ho
1792 nm

41651
36071

+0.43|5D4,0〉 − 0.36|3F24,0〉 + 0.31|3F44,0〉 − 0.27|5D4,±2〉
+0.33|5D4,1〉 − 0.33|5D4,−1〉 + 0.24|3H44,1〉 − 0.24|3H44,−1〉
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energy levels as

Ŝ(φi, φ f ) = |〈φi|μ̂|φ f 〉|2, (3)

where μ̂ = −μB(L̂ + gsŜ) is the magnetic dipole operator and
φi, φ f are the corresponding wavevector of the energy levels
Ei, E f . The spontaneous emission rate is given (in units of s−1)
by

AMD(φi, φ f )

n3
= 16π3μ0Ŝ(φi, φ f )

3hλ3gi
, with Ei > E f (4)

where λ = hc/|Ei − E f | is the vacuum-equivalent wavelength
of the transition, gi is the degeneracy of the highest energy
level, and n is the refraction index of the host material. The
oscillator strength is computed as

fMD(φi, φ f )

n
= 8π2meŜ(φi, φ f )

3hce2λgi
, with Ei < E f , (5)

where gi is the degeneracy of the lowest-energy level. μ0, h,
me, c, and e are fundamental physical constants.

Figure 7 shows the ultraviolet to near-infrared spontaneous
emission rates above 1/s for all lanthanides in LaF3. The
energies involved in each transition are not shown; however,
the complete information is included in the attached electronic
files. It is interesting to notice that the largest transition rates
happen for N � 7 (hollow symbols), thus from Gd to Yb in
the lanthanide row. These results are comparable to previous
free-ion calculations of MD emission rates in the lanthanides
[15], but here the rates are calculated for transitions between
pairs of individual crystal-field states.

In Fig. 8, we provide more details of some transitions by
showing only the largest transition rate within wavelength
intervals. In this figure, the bars represent the transition rate
and carry coarse labels representing the states involved in that
transition. The coarse label shows only the largest contribution
to the eigenvector, using (2S + 1)LJ notation and the MJ is
omitted. Notice that the left column contains the lanthanide
ions that have integer spins, while the right column shows the
ions with half-integer spins. Of particular interest is the case of
Er around 1540 nm transition. Our calculations show that the
important transition 4I15/2 → 4I13/2 at the telecommunication
band, with λ = 1543.28 nm, has AMD/n3 = 4.56 s−1 (compa-
rable to erbium-doped LaF3 transparent gel [78]).

Table IV shows in detail the energies and eigenvectors
involved in some of the spontaneous emissions shown above.
Specifically, we show those cases in which the transitions
occur between energy states that differ only by their MJ com-
ponent.

VI. CONCLUSIONS

This work reviews in detail the calculation of the en-
ergy spectra and wavefunctions of trivalent lanthanide ions
in crystal hosts using the semi-empirical Hamiltonian. We
review the theoretical path that transforms the Hamiltonian
from the notation of solid-state physics (see Appendix A)
to the form finally used for calculations. This form is lim-
ited to the ground configuration of 4 f electrons, although it
also includes configuration-interaction corrections. We inte-

grate into our analysis data gathered from previous literature
[21,33,34,40,41,79].

We detail the computational challenges encountered in
replicating a canonical paper on lanthanide spectroscopy and
provide an open-source code, qlanth, to ensure reproducibil-
ity. This code offers the Hamiltonian representation in both
orthogonal and non-orthogonal parameters. It can calculate
magnetic dipole line strengths and transition rates, and it
also goes beyond the scope of this work to implement the
Judd-Ofelt approach for forced electric dipole transitions. Ad-
ditionally, it has the ability to include or exclude the spin-spin
contribution, and enable or disable the errors in spectroscopic
tables [33].

Updated calculations were compared against those from
Carnall et al. [21], clarifying some of their implicit as-
sumptions and finding some additional errors in widely used
spectroscopic tables. In particular, our results suggest that the
spin-spin dipolar interaction between f electrons was omitted
from their calculations, despite their claim of having included
it. We also compared our results against other codes [66,68].
Lastly, we provided an updated version of the description of
lanthanide ions in LaF3, as well as providing exhaustive data
describing magnetic dipole transitions across the lanthanide
row.

In the past decade, experimental advancements have en-
abled increasingly detailed observation and manipulation of
lanthanide ions in crystals, from the coherent control and
optical readout of single ions [80] to addressing nuclear spins
with coherence times extending into hours [81], as well as
refined descriptions of their hyperfine structure [82]. Given
that the semi-empirical Hamiltonian plays a central role in the
theoretical description of these phenomena and considering
that necessary computational details are required for its actual
usage, this work offers a computational foothold for future
research involving lanthanide ions.
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APPENDIX A: HAMILTONIAN

A fundamental description of the electromagnetic interac-
tions for the f electrons of lanthanide ions embedded in a
crystal host may be represented by the Hamiltonian in Eq. (1),
repeated here for convenience,

H = HK + Hn + He-e + Hs-o

+ Hs-s + Ho-o + Hs-o-o + HCF. (A1)

075127-13



LIZARAZO-FERRO, PUEL, FLATTÉ, AND ZIA PHYSICAL REVIEW B 113, 075127 (2026)

The main contributions are the kinetic (K), nuclear (n),
Coulomb (e-e), and spin-orbit (s-o) terms. In solid-state-
physics notation, these are given in the operator form as

HK = −1

2

∑
i

∇2
i , (A2)

Hn ≈ −
∑

i

Zeff

ri
, (A3)

He-e =
∑
i> j

1

ri j
, (A4)

Hs-o = α. 2

2

∑
i

(
1

ri

∂V

∂ri

)
(si · l i ). (A5)

In the set of equations above, Zeff is the effective atomic
number as screened by the closed electron shells; ri is the
distance of the ith electron to the point-charge nucleus; ri j is
the distance between two electrons; α. is the fine-structure con-
stant; V is the effective central potential in which the valence
electrons move; si is the electron spin; and l i is the electron
angular momentum. Relativistic contributions may be derived
from the Breit Hamiltonian resulting in two-body interactions
including spin-spin (si · s j ), spin-other-orbit (si · l j ) [2,47–
52], and orbit-orbit (l i · l j ) [2,49,52–54]. These interactions
can be expressed as

Hs-s = α. 2
∑
i> j

[
(si · s j )

r3
i j

− 3(ri j · si )(ri j · s j )

r5
i j

]
, (A6)

Ho-o = −α. 2

2

∑
i< j

[
(pi · p j )

ri j
+ (ri j · (ri j · pi )p j)

r3
i j

]
, (A7)

Hs-o-o = −α. 2
∑
i> j

(
ri j

r3
i j

× pi

)
· (si + 2s j ), (A8)

where pi is the electron momentum. The action of the host is
included as an effective potential with a symmetry appropriate
for the crystal host. In its original inception [83], the crystal
field was understood to have a purely electrostatic origin, such
that a charge density ρ(R) has an associated potential given by

VCF(ri ) =
∫

ρ(R)

|ri − R|dR, (A9)

and such that HCF = ∑
i(−e)VCF(ri ). Presently, the electro-

static interpretation of the crystal field is not considered to
be accurate [84]. However, the symmetry arguments that
lead to its mathematical form as an expansion in spherical
harmonics are still valid and are independent of the electro-
static interpretation. Table V summarizes the mapping from
the Hamiltonian in Eq. (1) to the parametric Hamiltonian in
Eq. (2).

APPENDIX B: ORTHOGONAL AND NON-ORTHOGONAL
OPERATORS

In 1984, Judd, Crosswhite, and Suskin [20,41] discussed
the usefulness of a complete set of orthogonal operators
composing the parametric Hamiltonian. The purpose of or-
thogonal operators is to remove correlations between the

parameters during the fitting procedure, so that in the case of
parameters included sequentially, the new and less important
parameter will make minimal changes to the previous ones.
Consequently, the correlations when using non-orthogonal
operators result in larger uncertainties in the parameters, as
compared to the orthogonalized version [85]. Judd et al.
derived the orthogonal operators related to the Coulomb inter-
action for both the single configuration f̂k [with coefficients
F (k)] and the configuration interaction êα , êβ , êγ , and t̂2 [with
coefficients, α, β, γ , T (2), respectively]. In fact, the orthogonal
operators for the single configuration description are better
quantified in terms of the operators ê⊥

k [and coefficients E (k)
⊥ ],

as they obey simpler transformation properties with respect
to Ĉ(G2) and Ĉ(SO(7)) used to classify the states [2]. On the
other hand, the same energy spectrum, for both the orthogonal
and non-orthogonal version of the parametric Hamiltonian,
can be obtained if one realizes a mapping between the set of
coefficients related to each one, as detailed below.

We notice that, although the argument for using orthogonal
operators was already established five years earlier, Carnall
et al. [21] decided to use the non-orthogonal operators in their
calculations, as in Eq. (2). However, later reference tables for
three-body operators from Hansen, Judd, and Crosswhite [39]
provide matrix-element values for the orthogonalized operator
〈ψi|t̂⊥

2 |ψ j〉 [86], rather than for 〈ψi|t̂2|ψ j〉. Any attempt of
using the T (2) parameters from Ref. [21] as coefficient to the
matrix elements in Ref. [39] will lead to wrong results.

We end by mentioning that the transformation below is not
complete, because the operators corresponding to the M (k) and
P(k) parameters are not orthogonal between themselves. This
lingering part of the Hamiltonian may be orthogonalized using
the ẑi operators initially described by Judd, Crosswhite, and
Crosswhite in their description of the intra-atomic magnetic
interactions [40] and explained in Ref. [64]. However, we will
not consider it here, because it adds additional parameters that
have not seen wide adoption.

1. Relation between orthogonal and non-orthogonal
Hamiltonians

We start by defining the Hamiltonians in both forms, or-
thogonal,

Hortho = E ′(0)ê′
0 + E ′(1)ê′

1 + E ′(3)ê′
3

+ α′ê′
α + β ′ê′

β + γ ′ê′
γ + T ′(2)t̂ ′

2, (B1)

(here, we use the ′ symbol for representing the orthogonal
operators and parameters) and non-orthogonal,

Hnon = E (0)ê0 + E (1)ê1 + E (3)ê3

+ αêα + β êβ + γ êγ + T (2)t̂2, (B2)

in which we have only selected the elements that matter for
current discussion, and not the full parametric Hamiltonian as
written in Eq. (2) in the main text. Furthermore, Eq. (2) is
written in terms of f̂0, f̂2, f̂4, f̂6 operators instead of ê0, ê1, ê3;
however, there is a straight forward relation between them that
will be provided below. Finally, by comparison with Eq. (2),
notice that

êα = L̂2, êβ = Ĉ(G2), êγ = Ĉ(SO7). (B3)
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TABLE V. A summary of the mapping from the Hamiltonian in Eq. (1) to the parametric Hamiltonian in Eq. (2).

Hamiltonian Parametric Hamiltonian Origin

HK + Hn H0 single configuration
He-e F (k), k = 0, 2, 4, 6 single configuration
He-e α, β, γ + screening F (k) configuration interaction via 〈ψ |G|m〉〈m|G|ψ ′〉/	Em

He-e T (k), k = 3, 4, 6, 7, 8 same as the above, for the cases that |ψ〉 and |m〉 differ in one electron
He-e T (k), k = 11, . . . , 19 configuration interaction, third order perturbation theory
Hs-o ζ single configuration
He-e + Hs-o P(k) + M (k) + screening ζ configuration interaction via 〈ψ |
|m〉〈m|G|ψ ′〉/	Em

Hs-s M (k), k = 0, 2, 4 single configuration
Hs-o-o M (k) + screening ζ single configuration
Ho-o α, β, γ single configuration
HCF B(k)

q , k = 2, 4, 6, q = −k, . . . , k single configuration

The relations between orthogonal and non-orthogonal oper-
ators are provided in Ref. [20], that we replicate here for
convenience,

ê′
0 = ê0, (B4)

ê′
1 = ê1 − 9ê0

13
, (B5)

ê′
3 = ê3, (B6)

ê′
α = ê3

2
+ 5L̂2

4
− 30Ĉ(G2), (B7)

ê′
β = 5Ĉ(SO7) − 6Ĉ(G2), (B8)

ê′
γ = 25Ĉ(SO7)

2
− 15N

2
+ 3ê0

2
− ê1

2
, (B9)

t̂ ′
2 = t̂2 − (N − 2)ê3

70
√

2
, (B10)

where N is the number of electrons in the f shell. Next, we
replace those definitions into Hortho and rearrange the terms
to obtain

Hortho =
(

E ′(0) − 9E ′(1)

13
+ 3γ ′

2

)
ê0 +

(
E ′(1) − γ ′

2

)
ê1

+
(

E ′(3) + α′

2
− T ′(2)(N − 2)

70
√

2

)
ê3

+ 5α′

4
L̂2 − (β ′6 + α′30)Ĉ(G2)

+
(

γ ′ 25

2
+ β ′5

)
Ĉ(SO7) − γ ′ 15N

2
+ T ′(2)t̂2.

(B11)

Comparing the coefficients above with non-orthogonal Hamil-
tonian Hnon, acknowledging Eqs. (B3), both Hamiltonians
become the same (disregarding the constant term) for the
following relations:

E (0) = E ′(0) − 9E ′(1)

13
+ 3γ ′

2
, (B12)

E (1) = E ′(1) − γ ′

2
, (B13)

E (3) = E ′(3) + α′

2
− (N − 2)T ′(2)

70
√

2
, (B14)

α = 5α′

4
, (B15)

β = −(6β ′ + 30α′), (B16)

γ = 25

2
γ ′ + 5β ′, (B17)

T (2) = T ′(2). (B18)

Inverting the identities above for α′, β ′, γ ′, and T ′(2) we find
the following relations,

E ′(1) = E (1) + 4α

5
+ β

30
+ γ

25
, (B19)

E ′(2) = E (2), (B20)

E ′(3) = E (3) − 2α

5
+ T (2)(N − 2)

70
√

2
, (B21)

α′ = 4α

5
, (B22)

β ′ = −4α − β

6
, (B23)

γ ′ = 8α

5
+ β

15
+ 2γ

25
, (B24)

T ′(2) = T (2). (B25)

Now, we are left with the task of relating the E (k) parameters
with the F (k) parameters used in Eq. (2). However, those are
well explained in Chap. 2 Sec. 9 of Ref. [2], that kindly pro-
vides a direct relation between coefficients as the following:

E (1) = 1
9 (70F2 + 231F4 + 2002F6), (B26)

E (2) = 1
9 (F2 − 3F4 + 7F6), (B27)

E (3) = 1
3 (5F2 + 6F4 − 91F6), (B28)

in which we used the subindex notation that relates to the
superindex notation F (k) = DkFk , as presented in Eq. (2),
through the constant values D2 = 225, D4 = 1089, and D6 =
184041/25; see Table 6-2 in Ref. [55].

We emphasize that the transformation above is not the
complete story, because for a completely orthogonal para-
metric Hamiltonian, we would still need to orthogonalize the
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TABLE VI. Fitted model parameters using qlanth with orthogonal operators. Parameters in square brackets were held fixed during fitting.
In the case of Eu, Gd, and Tb, some E(i)

⊥ parameters were constrained according to E(2)
⊥ = 0.0049E(1)

⊥ , and/or E(3)
⊥ = 0.098E(1)

⊥ . The parameters
for Pm are interpolated. σREF and nREF are from Carnall et al. [21]. The data was fitted in the following order: Pr, Nd, Dy, Ce, Sm, Ho, Er, Tm,
Yb, Tb, Eu, Gd.

Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb

E1
⊥ 4611.2(0.8) 4904(2) [5182] 5378.2(0.5) 5493(0.4) 5794.4(0.2) 6026(1) 6240(9) 6434(1) 6651(1) 6828(2)

E2
⊥ 22.05(0.01) 23.68(0.02) [25] 26.11(0.02) [27] [28] [30] 30.84(0.03) 31.57(0.05) 33(0.01) 34.02(0.01)

E3
⊥ 460.73(0.08) 487.94(0.09) [514] 540.2(0.1) [538] 583.7(0.1) 608.9(0.5) 631(1) 654(0.4) 680.34(0.09) 672.7(0.1)

ζ 645.4(0.3) 749.8(0.8) 885(1) [1023] 1175(1) 1342(0.4) 1498(1) 1706(1) 1911(1) 2144(1) 2377(1) 2633.7(0.5) 2914.6(0.4)

α⊥ 12.91(0.08) 17.1(0.09) [15] 16.13(0.07) [15] 14.39(0.05) 14.36(0.06) 14.3(0.2) 14(0.1) 13.85(0.09) 13.6(0.1)

β⊥ 28.3(0.9) 12.7(0.8) [20] 14(1) [23] [24] 14(3) 32(1) 33(1) 28.4(0.7) 33(1)

γ⊥ 97.7(0.3) 109(1) [110] [115] [120] [124] [129] 133(4) [138] [143] [148]

T 2
⊥ 291(5) [294] [296] [299] [301] [303] 300(10) [308] [310]

T 3 35(2) [37] [39] [39] [40] [41] 46(6) 39(2) 44(2)

T 4 59(2) [69] [72] [77] [81] [85] 90(20) 118(7) 68(3)

T 6 −287(5) [–313] −344(9) [–302] [–296] −280(10) −320(20) −240(20) −270(6)

T 7 338(6) [355] 364(8) [349] [345] 330(10) 390(10) 310(20) 300(10)

T 8 305(8) [332] 339(5) [327] [324] 385(8) 315(8) 290(10) 290(10)

M0 1.8(0.1) 2.1(0.1) [2] 2.5(0.1) [2] 2.9(0.1) 2.5(0.1) 3.1(0.1) 2.2(0.1) 3.9(0.1) 3.8(0.1)

P2 −30(20) 210(20) [232] 330(30) [342] 560(50) 450(40) 650(30) 530(30) 720(30) 630(20)

B2
0 [–237] −221(7) −250(10) [–214] −140(20) −190(10) [–226] −240(20) −230(10) [–213] −246(9) −257(8) [–249]

B4
0 [645] 730(10) 500(60) [531] 240(50) 440(20) [498] 620(40) 570(50) 520(30) 350(50) 450(10) [412]

B6
0 [766] 670(20) 640(40) [578] 590(50) 530(20) [477] 260(30) 180(40) 410(30) 560(40) 310(20) [305]

B2
2 [–98] −126(5) −50(9) [–90] [−80] [–91] [–91] −90(10) −60(10) −100(10) −99(9) −101(5) [–94]

B4
2 [518] 420(10) 500(30) [470] 690(30) [416] [389] 260(20) 190(30) 250(20) 350(30) 300(10) [244]

B6
2 [–926] −910(10) −830(30) [–812] −690(30) [–726] [–682] −730(20) −660(20) −560(20) −410(30) −450(10) [–404]

B4
4 [599] 600(10) 560(30) [535] 380(30) [511] [498] 490(20) 550(20) 490(20) 390(30) 430(10) [423]

B6
4 [–429] −350(10) −400(20) [–360] −430(30) [–314] [–292] −240(20) −150(40) −200(20) −190(20) −240(20) [–160]

B6
6 [–866] −780(10) −830(30) [–750] −750(40) [–680] [−645] −510(30) −550(30) −550(20) −510(20) −500(10) [−452]

ε 7 −2 −4 −14 −14 −7 −2 −8 −3 −7 −11 −11

n 7 75 146 233 29 70 146 198 204 127 56 5

σ 47 16 14 13 14 8 8 11 9 18 13 60

nRef 7 75 146 232 29 70 146 198 204 127 56 5

σRef 51 16 14 13 16 10 12 12 10 19 10 38

operators related to the M and P coefficients. This linger-
ing part of the Hamiltonian may be made orthogonal using
the ẑi operators initially described by Judd, Crosswhite, and
Crosswhite in their description of the intra-atomic magnetic
interactions [40] and explained in Ref. [64]. However, we will
not consider it here, as it adds additional parameters that are
not yet well explored in the literature. Having said that, the full
orthogonal Hamiltonian considered here is parametrized as

Hortho
para = (H0 + ε)

∑
k=0,2,4,6

E ′(k)ê′
k + ζ

N∑
i=1

(ŝi · l̂i )

+ α′ê′
α + β ′ê′

β + γ ′ê′
γ

+ T ′(2)t̂ ′
2 +

∑
k=2,3,4,6,7,8

T (k)t̂k

+
∑

k=2,4,6

P(k) p̂k +
∑

k=0,2,4

M (k)m̂k

+
N∑

i=1

∑
k=2,4,6

k∑
q=−k

B(k)
q Ĉ(k)

q (i). (B29)

Table VI shows the fitted parameters in Hortho
para ; notice the

equivalence in notations (′) ≡ (⊥). The fitting procedure used

the same sequential manner as described in the main paper,
i.e., building up regression models for the parameters that are
held fixed while fitting. Contrasting the orthogonal and non-
orthogonal approaches against Carnall et al. [21], Table III in
the main text shows σ to be smaller than those values quoted
by Carnall et al. in 2 out of 12 cases. For the approach with
the orthogonal operator basis shown here, in Table VI we
found σ to be smaller in 7 out of 12 cases. That shows the ex-
pected tendency of the orthogonal approach leading to better
fittings.

Note that the parameters for Ce, Pr, Nd, and Dy in Ta-
bles III and VI seem to coincide, including the orthogonalized
parameters, as they are related by Eqs. (B19)–(B28) in the
main text. That reflects the deterministic approach taken here
and described in the main text. The fitting initial conditions
are the same in both approaches, leading to similar converged
values, although not exactly equal within the numerical preci-
sion. This fact changes for Sm (the next element in the fitting),
because a regression made for fixing γ (non-orthogonal) and
γ⊥ (orthogonal) lead to different results. The same is true for
the subsequent fittings. Finally, we also compared the relative
uncertainties in both tables, and unexpectedly, we found that
the orthogonal basis leads to larger uncertainty values on
average (9 out of 12 cases).
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APPENDIX C: GLOBAL FITTING ANALYSIS

In the main text, we employed the same Levenberg-
Marquardt method used in Ref. [21] to obtain the fitted
parameters. In order to test whether or not we have found a
global minimum, we decided to try a stochastic optimization
algorithm. In particular, we used the method Adam [87] from
the PyTorch library [88]. Note that qlanth has the feature of
exporting the Hamiltonian to Python. We exemplify the point
by finding new parameters for Er3+:LaF3. We always used the
values in Ref. [21] as initial guess, among the many attempts
performed. We avoided exploring parameter values too far
from the original guess, because we know it has physical sig-
nificance and serves as a meaningful reference point. This is
controlled by the learning rate (lr) parameter that we typically
set lr = 0.1. We checked that 2000 iterations usually led to a
good convergence, although we made attempts up to 50 000
iterations. Our code is available at Ref. [89]. As a result,
we could bring the average agreement to the experimental
energy levels (σ , as described in the main text) down to σ =
15 cm−1, which is a 20% improvement over the value quoted
in Ref. [21]. The set of new parameters are listed in Table VII.

TABLE VII. Fitted parameters for Er3+:LaF3 using the Adam
method from PyTorch Library. Values with their uncertainties given
in cm−1. Values for γ and T (2) were held fixed during fitting.

Parameter Value Parameter Value

F (2) 97 592(71) T (6) −289(23)

F (4) 68 036(142) T (7) 336(38)

F (6) 54 187(136) T (8) 364(39)

ζ 2377(5) B(2)
0 −242(33)

α 17.3(0.5) B(4)
0 367(238)

β −583(21) B(6)
0 522(191)

γ [1800] B(2)
2 −96(29)

M (0) 3.8(0.4) B(4)
2 357(126)

P(2) 700(141) B(6)
2 −424(142)

T (2) [400] B(4)
4 417(115)

T (3) 45(10) B(6)
4 −203(85)

T (4) 67(12) B(6)
6 −513(111)
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